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Abstract 

In this paper, the notion of star products with separation of variables on a Kahler mani- 
fold is extended to bimodule deformations of (anti-) holomorphic vector bundles over a Kahler 
manifold. Here the Fedosov construction is appropriately adapted using the geometric data of a 
connection in the vector bundle. Moreover, the relation between the star products of Wick and 
anti Wick type is clarified by constructing a canonical Morita equivalence bimodule as bimodule 
deformation of the canonical line bundle over the Kahler manifold. 
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1 Introduction 

Deformation quantization as introduced in Q is a well-established and successful way of under- 
standing the transition from classical physics to quantum physics as a deformation of the algebraic 
structures, see |5|,|8|,|^,|| for recent reviews. The classical observable algebra is modelled by the 



complex- valued smooth functions C°°{M) on the phase space M, which is a Poisson manifold. In 
particular, C°°(M) is a Poisson algebra. The deformation is done by means of a star product * which 
is an associative C[[A]]-bilinear multiplication for C°°(M)[[A]] such that in zeroth order of the defor- 
mation parameter A it coincides with the pointwise product and in first order of A the ★-commutator 
equals i times the Poisson bracket. In case of convergence A corresponds to Planck's constant h. 
Existence and classification of such products is now well-established |, 0, |2|, ||, ||, |3] . 



In this article we shall consider a particular situation, namely when M is a Kahler manifold and 
the Poisson structure is induced by its Kahler symplectic form. Deformation quantization of Kahler 
manifolds has a long history dating back to the work of Berezin [^,^ . The relation between Berezin- 
Toeplitz quantization and star products has been explored by various authors 1 10 -1^,25, 2^, 29, 34|. 
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Since on a Kahler manifold one has a compatible complex structure it is meaningful to speak of 
bidifferential operators (and hence of star products) which differentiate one function in holomorphic 
directions and the other in anti-holomorphic directions only. This property of a star product was 
known for various examples and led Karabegov to the notion of star products with separation of 
variables. In |22, 23| he proved existence and gave a classification of such star products. In an 



alternative approach, Fedosov's construction was adapted to the Kahler situation and used to show 
the existence of such star products as well see also for a classification in this context and 
for a comparison of both approaches. 

It turns out that on a Kahler manifold one has (at least) three canonically given star products: 
the Weyl ordered Fedosov star product :*rweyi as well as the Wick and anti Wick star product *wick 
and *vvid7i obtained by the above mentioned modified Fedosov construction, all using the Kahler 
connection as starting point. Moreover, the characteristic classes of these three star products are 
explicitly known to be 

c(*woyi) = ttM> c(*wick) = ttI^] ~ i7rci(Lcan) c(*wiA) = TvM + i7rci(Lcan), (1) 
lA lA lA 

where Lean = A^"'°^ T*M is the canonical line bundle of M, see e.g. [|l],|2|,|3|. 

In the notion of deformation quantization of vector bundles was introduced: If E ^ M 
is a (complex) vector bundle and ★ is a star product for M then a deformation quantization of 
E is a deformed right module structure • for r°^(£')[[A]] with respect to -k. It was shown that 
such a • always exists and is unique up to equivalence. Moreover, • also induces an associative 
formal deformation -k' of r°°(End(£^))[[A]] together with a corresponding left module structure 
such that T°°{E) is deformed into a bimodule via •' and •. Finally, the bimodule gives a 
Morita equivalence bimodule for the deformed algebras (r°°(End(i?))[[A]], *') and (C°°(M)[[A]], *). 
In case of a line bundle E = L one obtains a star product -k' for C°°(M) = r°°(End(-L)) and finally 
arrives at the classification of star products up to Morita equivalence: In the symplectic case two 
star products -k' and ★ are Morita equivalent if and only if there is a symplectic diffeomorphism tl) 
of M such that '>p*c{-k') — c(*) G 27riHdeRham ( Af, Z) is an integral de Rham class, see |^. 

The aim of this work is two-fold: On one hand we shall construct particular bimodule deforma- 
tions •', • for a complex vector bundle E over M using the ideas of Fedosov's construction as in 
in order to obtain separation of variables for and • as well, if E is (anti-) holomorphic. On the 
other hand we give a Fedosov construction of the deformed bimodule structure of Lean which yields 
a Morita equivalence bimodule for *wick and *wiA- According to (|l|) and the general classification 
theorem in such deformations necessarily exist. So our main emphasize is the canonical and 
constructive way how it can be obtained. 

The paper is organized as follows: In Section ^ we collect some basic and well-known results 
on the Fedosov construction and adapt them to the Kahler situation. In order to handle the Weyl 
ordered, the Wick ordered and the anti Wick ordered case simultaneously we introduce a one- 
parameter family of fibrewise K-ordered products. In Section |3| we state the main theorems of the 
Fedosov construction for the star products and the corresponding bimodule multiplications. Up to 
here the results are essentially standard. In Section ^ we investigate the case of (anti-) holomorphic 
vector bundles and show the separation of variables properties of the Wick and anti Wick ordered 
products. Section ^ contains local expressions for the deformed multiplications which can also 
be used to characterize them globally. In Section ^ we give a deformed version of a Hermitian 
fibre metric and investigate its compatibility with the holomorphic structure. Here we also give 
local expressions. Finally, Section contains the construction of the canonical Morita equivalence 
bimodule structure on Lean for *wick and ^widT- In an appendix we have collected some standard 
results on Kahler geometry in order to explain our notation. 
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Conventions: By C°°{M) we denote the complex-valued smooth functions and similarly T°° (T* M) 
stands for the complex-valued smooth one-forms etc. Moreover, we use Einstein's summation 
convention in local expressions. Finally, we do not need the positive definiteness of the Kahler 
metric. So all results are still valid on semi Kdhler manifolds. However, for ease of notation we 
shall not emphasize this in the text. 

Acknowledgements: We would like to thank Martin Schlichenmaier for valuable discussions on 
topics in Kahler geometry. 



2 The Fedosov construction on Kahler manifolds 

In this section we shall briefly recall the set-up for the Fedosov construction in order to explain our 
notation where we mainly follow |35|. Details and proofs can be found in Fedosov's book Jl^. For 
the additional structures on a Kahler manifold we refer to |^,^ as well as to Appendix 

Given a complex vector bundle E ^ M over a Kahler manifold M we define the following 
C[[A]]-modules 

oo 

w := [|r°°(V'r*M)[[A]], (2) 



W®A' := J|r°°(V'T*M® A'r*^)[[A]], (3) 



W®A'®£ ■.= Y[T°°{\J'T*M ® /^T*M ®E)[[\]l (4) 



W®A'®£nd(£) := J]^r~(V'r*M® A'r*Af (g) End(^))[[A]]. (5) 

Then WcsA* becomes a super-commutative associative algebra where the fibrewise product is de- 
fined by (/ ® Oi){g ®(3) = f\/g®af\(3. In particular W C WcgiA* is a commutative sub-algebra. 
Using the fibrewise composition of endomorphisms of E we observe that 'W(8)A*(8)£nd(£) becomes 
an associative algebra as well, which is no longer super-commutative unless E = L \s a, line bun- 
dle. We can view W^A* as sub-algebra of 'W(8)A*(8)£nd(£). Finally, 'W(8>A*(8)£ is a bimodule for 
W(8)A*(8>£n(i(£) from the left and for W^A* from the right. Besides the usual symmetric and 
anti-symmetric form degree degg and deg^, we have the A-degree and the total degree, which is 
twice the A-degree plus the symmetric degree. One also has the operators 5 = dx^ A is{di) and 
6* = dx^ V ia{di) which satisfy 6^ = = (5*)^. If one defines 6~^a = for homogeneous a 

with symmetric degree k and anti-symmetric degree I such that k + 1 ^ d and 5^^ a = otherwise, 
then one has the Hodge- de Rham decomposition 

56-^ + 6-^6 + a = \d, (6) 

where a denotes the projection onto the part with symmetric and anti-symmetric degree 0. 

In a next step one needs a symplectic connection V on M and a connection V'^ for E. For V 
we shall always use the Kahler connection while shall be specified later. One has the induced 



3 



connection V^"''^^) = [V^, •] on Encl(£') and the connections extend to super-derivations of anti- 
symmetric degree -|-1 

D : W(»A' ^ WoA'+\ (7) 
: W®A'o£ ^ W®A'+^0£, (8) 

D' : W®A'®£nd(£) ^ W(g)A'+^(g)£n(i(£). (9) 

Then is a module derivation along D and D', respectively. A simple computation shows that 
S super-commutes with D', and D. 

One observes that the curvature of is an element in W^A'^^8.nd{8.) with deggi?^ = 0. 
For and for the symplectic curvature tensor R G W(8)A^, see (84), we have the Bianchi identities 
5R = = 6R^ and DR = = D'R^. 

Now we pass to the deformed fibrewise products and bimodule structures. Originally, Fedosov 
used the fibrewise Weyl product, but on a Kahler manifold one also has fibrewise analogues of the 
Wick and anti Wick product, see 24,32|. First one defines the fibrewise operator 

:P = A'Hs{di)(^is{dj) (10) 

acting on W (8> W, where A = ^A^^d-i A dj is the Poisson tensor in local coordinates. Clearly IP is 
globally defined. As we have a complex structure the operators 

P = g^hs{Zk)(^is(Zi) and P = /^«,(Z^) i,(Zfc) (11) 

are globally well-defined as well and one has J" = |(P — P). Finally, we need the fibrewise Laplace 
operator 

Afib=/^s(^fc)is(^^), (12) 

which again is globally well-defined and satisfies the relation 

Afib o ;u = ;u o (Afib \d + P + P + \d (g) Afib), (13) 

where : WcSiW — > W denotes the fibrewise undeformed product of W. We extend all the operators 
9, P, P, and Agb to W®A*, W0A*®£, and A*0£n(i(£). Now the fibrewise Weyl product is 
defined by 

a Owcyi b := fio e^^a (g) b (14) 

and clearly gives an associative deformation of /i. For k E K, we define the fibrewise equivalence 
transformations 

S = e^^^^ and = e^^^fl" (15) 

and the fibrewise products 

ao^b:= S^{S-^a o^,^, S-^b) = o e(«+i)^^+(«-i)^^a b. (16) 

Clearly is again a fibrewise associative deformation of fj, and fibrewisely equivalent to o^^yj via 
S'^. Besides the Weyl ordered case (k = 0) the Wick ordered case {k = 1) and the anti Wick 
ordered case {k = —1) are of particular interest as here P respectively P are absent in ([l6|). We 
shall denote these fibrewise products by 0^;^,^ and o-^^. 

We also observe that the bimodule structure of W(8'A*(S)£ can be deformed yielding a bimodule 
structure with respect to the deformed products of 'W(g)A*(8)£n(i(£) and 'W(8)A*. We shall denote 
the corresponding bimodule multiplications by as well. 
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Remark 1 It is clear that Agb, P, P, and can be defined as soon as one has an almost complex 
structure compatible with the symplectic structure on an arbitrary symplectic manifold. In principle 
one can carry through Fedosov's construction in this case as well However, the resulting star 
products *K seem to have no particular properties like 'separation of variables ' for the cases k = ±1. 
This only will happen on a (semi-) Kdhler manifold. 

We finally mention some further relations between the various operators. First note that 
[Afib,(^] = whence S'^SS^'^ = 5 for all k. Moreover, since V is the Kahler connection we have 
[Afib,L'] = as well as [Afib,D^] = and [Afib,D'] = 0. This implies S'^DS''' = D and hence D 
is a o^-derivation as well. Analogously, D' and are (module-) derivations with respect to o^. 
The following lemma is a slight variation of ||6|, Prop. 4.1] and |1T7| , Sect. 5.3]: 

Lemma 1 We have S^R = R + k\/S.^\^R = R + kXq and hence 

= jad^iS'^R) = jadM, (17) 



as the Ricci form g, see (8i), is central with respect to o^. Moreover, S^R = R and hence 

[D^f = |ad^(i2) + R^ and {D'f = |ad^(i? - \\R^). (18) 
A A 

3 Fedosov star products and deformed vector bundles 

Using the results of the previous section as well as the standard arguments of Fedosov's construction 
[16,35| we easily arrive at the following theorem: 

Theorem 1 We fix k (^IR.. For any series of closed two-forms ^ Ar°°(/\^ T*M)[[A]] there exist 
unique S W^A^ , r'^ G W E,nd{E,) of total degree > 3 such that 

Sr^ = R + Dr^ + ^^r^o^r^ + n^ and S'^r^ = (19) 

and 

5r'^ = R-iXR^ + D'r'^ + jr'^o^r'^ + n^ and 6-^r'^ = 0. (20) 

In this case the super derivations 

D^ = -5 + D + jad^{r^) and D'^ = -5 + D' + jad^{r'J (21) 

have square zero. The maps 

(J : ker2)«nW(g)A° ^ C°°(M) [[A]] and a : keiV'^nW(^A^0S.nd{S.) ^ r°°{End{E))[[X]] (22) 

are <C[[X\]-linear bisections with inverses denoted by and r^, respectively. Finally, 

f*.g = T{r.{f)o^T^{g)) and A 5 = a(r^(A) o, <(S)) (23) 

define associative deformations ofC°^{M) and (End (E)), respectively, and-kf^ is a star product 
with characteristic class 

c(*k) = t^(M + [^.] - ^m)- (24) 
lA 
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Proof: The proof is completely standard and follows from [g^|35[] with some obvious modifications. We 
only indicate the computation of the characteristic class: We define r — S^'^r^^ whence clearly 

Sr = R~ K,Xg + Dr + \r o„„y, r + f7« (25) 
A 

using Lemma |l| and Agbf^K = 0. Moreover, S~^r is some element of total degree > 3. Thus the character- 
istic class of the Weyl ordered Fedosov star product * built out of r is simply given by the expression in 
(|^, see e.g. [0. But ★ and are equivalent as their Fedosov derivatives are fibrewisely conjugate by S"*, 
see [I Prop. 1]. □ 

For the deformed bimodule structure of r°°(£') with respect to and -k^ we proceed completely 



analogously to |35]. First we define 



-r.), (26) 

which is a well-defined formal power series in A as r'^ and coincide in zeroth order of A. Then 
we define Df : WoA'®£ ^ W(g)A*+^®£ by 

= -5 + I)^ + ^ad,(r,)+rf, (27) 

where adi^{ri^) is defined as usual and acts by o^-left multiplications. The following construction 



is an immediate adaption of |35, Thm. 3] to our K-ordered situation: 
Theorem 2 The Fedosov derivative T>^ satisfies 

(VI/ b) = J)^^ b + (-l)'^M/ V^b, (28) 

V^{a M/) = V'^a o,^ + i-lYa V^^, (29) 

and CDf)^ = 0, for a G W(g)A^ (g) £nd(£), ^ G W®A''®£, and b G W«)A'. Moreover, a : 
ker-Df n WOA°0£ ^ r°°(^)[[A]] is a C [[A]] -linear bijection with inverse denoted by . Finally, 

A.',s:=a{T'^{A)o,T^{s)) (30) 

s.,/:=a(Tf(s)o,T«(/)) (31) 
defines a-k^'-^K bimodule deformation ofT°°{E). 

Remark 2 i.) In the particular case of a line bundle E = L we obtain a star product for 
C°°(M)[[A]] = r°°(End(-L))[[A]] with a corresponding bimodule deformation. Then the char- 
acteristic class of -k'^ is given by 

c(*'J = + [n^] - kXIq]) + 27rici(L), (32) 

lA 

where ci{L) is the Chern class of L. This follows either from J^, Thm. 3.1] or by an analogous 



argument as in [35, Cor. 2] 



ii.J In general, and -k/^ are Morita equivalent deformations and (r°°(i?)[[A]], •'^,*k) is a Morita 



equivalence bimodule ^31, Prop. 1] 
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4 The Wick Type Properties of ★wkk, ^wick^ •wick and 



In this section we shall consider the deformations and the bimodule structures w'^ more 

closely in the case ac = 1. Actually an analogous consideration can also be carried out in the case 
K = — 1 by almost trivial generalizations of the given results. We set = = r^wick- 

First we need some additional notations that make use of the complex structure that enable 
us to consider the splittings into holomorphic and anti-holomorphic part of the mappings involved 
in the Fedosov construction. For a detailed discussion of this topic the reader is referred to p^ , 
Appx. A]. By TTz we denote the projection onto the holomorphic form part in the symmetric 
and the anti-symmetric part of WcsA*. Then vr^ naturally extends to a projection defined on 
W(SiA*(8)£nd(£) and WigiA'C^S as well. Analogously vr^ denotes the projection onto the anti- 
holomorphic form part of W^A* that also extends naturally to 'W®A*®£n(i(£) and 'W(8)A*(Ki£. 
Obviously we have a = vr^vr- = ttyTTz- From the very definitions of the products and the fibrewise 
bimodule multiplications 0-^;^,^ it is easy to see that 

TTz{F owick G) = tTz{{tTzF) o^i^^ G) and 7r^(F o^;^!^ G) = ^^{F o^.^^^ (tTzG)), (33) 

where F, G are elements in W(g)A*, W(g)A*(8)£ or 'W(g)A*(gi£n(i(£) such that the muliplications make 
sense. Using a local holomorphic chart of M it is easy to see that 6 = Sz ~^ ^z, ^* = + 
D = Dz + Dz, = Df + Z)| and D' = + DL, where for instance D'^{f (g) a (g) A) := 
^zj ® dz' Ka® ^ ® da® f ® dz' Na® v|"''^^^^ and DL{j ® a ® A) := V^J (g) 
dz^ A a (g A -\- f ® da ® A + f ® dz^ A a (g) V^"*^^^^^. The other splittings are defined similarly. 

Completely analogously to the definition of 6^^ one defines 6z^ for a with dz^ V is{Zi)a = ka and 
dz^ A ia{Zi)a = la by 5^^a := -^(^^a in case /c + / 7^ and 5z^cl := in case A; + / = 0. is 
defined in the analogous way and an easy computation yields the following decompositions: 

5z^5z + 5z5z^ + vr^ = id and 5i^5z + 5z5^^ + tt^ = id. (34) 

Furthermore we have the relations: vr^d = SzT^z, t^z^'^ = 6z^t^z, t^zD = DzTTz, t^zD^ = D^-Kz and 
TTzD' = D'^TTz and analogous formulas with z instead of z. Using the equation 5'^ = 0, the fact that 
5 super-commutes with D, and D' and the equations for D^, D^^ and D'^ it is easy to derive 
super-commutation relations for the holomorphic and the anti-holomorphic parts of the involved 
mappings, see also Lem. 3]. 

Lemma 2 Let rwick, ^wick ^'^'^ ^wick denote the elements ofW^A^, W^A^® £n(i(£) constructed 
in the preceding section in case k = 1. Then we have the following: 

i.) In case Vt is of type (1, 1) then in addition 

vr^rwick = and vr^Twick = 0. (35) 
a.) In case Q and are of type (1, 1) then 

TT^'^wick = ^-^wick = and TT^r^i^k = ^^^wick = 0- (36) 
Proof: The proof of i.) can be found in Lem. 4.1]. Applying tt^ to ( pO| ) we obtain 

'^^I'z^w.ck = -D>27-;,,ok + jT^zii-^zT'^.J o„^^^ r(^^^J and S^^t^zt'^.^^, = 

using TTzR^ = TTzfi = 0. Using the decomposition S^^S^ + S^S^^ + tt- = id this implies that Tr^r^^;^^ is a fixed 
point of the mapping L : ttzCW^A^® £nc?(£)) 3 a 1-^ S^^{D'^a + j;7Tz{a Owick ^wi^k)) ^ 7rz(W(g)A"^(g) £nd(£)) 
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that raises the total degree at least by one and hence has a unique fixed point. Obviously L has as trivial 
fixed point implying tTzT^.^j^ = by uniqueness. Analogously one proves that Tr^r^j^j^ = 0. Then the state- 
ment for r:^i^|j follows. □ 

From the explicit shape of the fibrewise products and the bimodule multiplications o^;^^ it is 



obvious that the products :*rwick) *wick the bimodule muliplications 



'Wick) "wick 



are completely 



determined by the knowledge of the projections on the totally holomorphic resp. anti-holomorphic 
part of the respective Fedosov- Taylor series. Therefore it is worth deriving simpler formulas for 
these projections in order to investigate the products and the bimodule multiplications. 

Proposition 1 Let andO. he of type (1,1) then the projections of TYfi^]^{f) , T^^i^^^iA) andT^^^^{s) 
for f G C°°(M)[[A]], A G r°°(End(^))[[A]] and s G T^{E)[[\]] satisfy the equations: 



SzT^zTwickif) 


= D^TTzTwickif) - 


■^■''"2(('^2''"wick(/)) Owick ^Wick) 


and 


^"(Tr^Twickl/)) 


= /, 


(37) 


^zT^zTwickif) 


= DzTTzT^fickif) + 


— 7r^(r-wick °Wick (^r''"wick(/))) 


and 


o"(vrrrwick(/)) 


= /, 


(38) 


^zTrzT!^;A^) 


= ^>.^;ick(^) - 




and 


^(^.•^Wick(^)) 


= A 


(39) 






^7r-(r(^i,k owick (7rrTwick(^))) 


and 


<^(^-^Wick(^)) 


= A 


(40) 


^zTTzT^lAs) 


= ^.T^ick(s) - 


■^■7rz((vr2T^j^j,(s)) Owick ?'wick) 


and 


^(^^^Wick(«)) 


= s, 


(41) 




= D^T,tr^,^^{s) + 


^7r-(r(^i,k °wick (vr-r^i.kCs))) 


and 


f^(7r-rwick(s)) 


= s 


(42) 



from which they are uniquely determined. 



Proof: The proof of equations ( |37| ) and ( |3§| ) again can be found in 32, Prop. 4.3]. It is easy to see that 
this proof can be slightly modified to obtain the remaining statements of the proposition. □ 

As an easy consequence of the preceding proposition we find: 
Lemma 3 Let 11 ^ M he an open subset of M and let and Q he of type (1, 1). 
i.) For all f G C°^(M) anti-holomorphic on U we have TTzT^ickif)]-^ = f\y^- 
a.) For all g G C°°(M) holomorphic on U we have vr^wick(5')|'[^ = 5'|■^• 

Hi.) For all A G r~(End(£;)) such that ''^^^AI = for all Y G T°^{TM'^'°) we have 



■^zT^iA^)\ 



A 



tv. 



) For all B G T°°{'En6{E)) such that V^"''^^^S|^ = for all X G V°°{TM^^^) we have 



{B)\ 



B 



V.) For all s G r°°{E) such that V^sL = for all Y G T°°{TM^'") we have vr^T4,k(s) 



It 



vt 



.) For all t G r°°(^) such that Vf = for all X G T°°{TM^'^) we have vr^T^i^k(*)|u = t 



\u- 



Proof: To prove these assertions one just has to show that the given expressions for the projections of 
the respective Fedosov- Taylor series solve the equations given in Proposition |^ which is an easy task using 
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that the projections of rwick and r'^^^^ onto the totally holomorphic and anti-holomorphic form part vanish. □ 

Prom the results of the preceding lemma we can deduce that the products ★wick, *wick the 
bimodule multiplications "wick, 'Wick have the following Wick type properties: 

Theorem 3 Let It C M be an open subset of M and let and $7 be of type (1, 1). 

i.) For all s € T°°{E), f,g€ C°°{M) such that g is holomorphic in U we have 

s •wick ffli^ = s^lu and / *wick = /^lu- (43) 

a.) For all s G r~(^), A,B £ r°°(End(£;)) such that Vy ''^^^Sj^ = for all Y € r°°{TM^'^) 
we have 

^•wicksL = ^-5|u "'^^ ^^Wick^lu = ^^L- (44) 

Hi.) For all t,s e r°°(S), A G r°°(End(S)), / G C°°(M) such that Vft|^ = for all X G 
r°°(rM°'i) and = for all Y G r°°{TM^''^) we have 

^ 'wick ^ I IX ~ I U '^^'^ ^ *Wick f\y^ = Sf\y^. (45) 

iv.) For all A, B e r°°(End(^)), /,c/ G C°°{M) such that V^"^^^^ = for all X e r°°(rMO'i) 
and g anti-holomorphic on 11 we have 

^*wick -S||[ = ^^lu 5*wick /|u = (46) 

To conclude this section we want to discuss some more concrete situations where the precondition 
that the curvature endomorphism is of type (1,1) naturally occurs. If {E,h) is a (anti-) 
holomorphic vector bundle with Hermitian fibre metric then there exists a unique connection 
which is compatible with the (anti-) holomorphic structure as well as with the Hermitian fibre metric 
(cf. Appendix ^). In this case it is known that R^ is of type (1,1)- Moreover, in this case the 
conditions of the preceding Proposition under which the products and the bimodule multiplications 
are just the pointwise ones just mean that the respective sections resp. functions are locally 
holomorphic resp. anti-holomorphic. In the case of a holomorphic vector bundle {E, h) a section 
s is called locally anti-holomorphic on It if the section s^ of the dual bundle E* which is also a 
holomorphic vector bundle defined by s^{s') := h{s,s') is locally holomorphic on it. Similarly a 
section A G r°°(End(£')) is called locally anti-holomorphic if the section A* defined by h{A*s, s') = 
h{s,As') for all s,s' G T°°{E) is locally holomorphic. In the case of an anti-holomorphic vector 
bundle {E, h) one proceeds similarly to define the notion of locally holomorphic sections. 

5 Local Expressions for the Bimodule Multiplications •wkk? •wick 

In this section we want to consider the bimodule multiplications constructed above in the case of 
a (anti-) holomorphic vector bundle E of fibre dimension k equipped with a connection that is 
compatible with the (anti-) holomorphic structure and the curvature of which is of type (1, 1). We 
denote by {Ua} a good open cover of M. 
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Proposition 2 In case E is an anti-holomorphic vector bundle and is an anti-holomorphic 
frame on Ua one has 

where s € r°°(£')[[A]] has been written as s\iia = ^aSa = ^aiSa- Hence we have for all f € 
C-(M)[[A]] 

S 'wick f\n ~ ^a{Sa *Wick /) = ^a,i{Si^ *Wick /)■ (4^) 



Conversely, "wick is globally well-defined by equation (^i) and thus it is completely determined by 

*Wick ■ 

Proof: To prove that 7r^r^j^|^(s) is locally given by 7rzrwick(sL)®ea,i it is enough to show that this expression 



solves the equations ( |4l| ) what is easily done using that the frame Bq is anti-holomorphic. But then (48) is 
immediate from the definition of "wick- It remains to show that ^wick is globally defined by this equation. To 
this end let = ea4>ai3 another anti-holomorphic frame where 0a/3 denotes the anti-holomorphic transition 
matrix on Ma n IX/j as in Appendix ^ We find 

ea{Sa *wick /) = ei34>l3a{{(j>apSl3) *wick /) = 6/3(5/3 ★wick /) 

on IXq n U/3, where we have used that the star product ★wick is of Wick type implying {4>ai3Sf3) *wick / = 
4>ap{sp *wick /) since the entries of 4>aj3 are anti-holomorphic. □ 



Remark 3 In fact the preceding proposition states that for an anti-holomorphic vector bundle E 
with a connection that is compatible with the anti-holomorphic structure the right module multi- 
plication "wick is canonical in the sense that is independent of the connection. Actually the state- 
ment of the proposition could also be proved without using the local formula for T^zT-^ickis) but 
only the Wick type properties of "wick and *wick according to Theorem To do so observe that 
T°°{E)[[X\] B s = CaSa = Cq, 'wick ■Sq, sincc Cq, is an anti-holomorphic frame. But then 

S 'wick flUa ~ i^a 'wick Sa) 'wick f — 'wick *wick /) = ^a{Soi *Wick /)■ 

To see that this yields a global definition for 'wick note the following equations that are valid on 

Kq, n 11/3 

6/3 = CaCkaP = Cq, -wick </'a/3 and Sa = (kapSp = 4>af3 *Wick S/3 (49) 



4>a(34'Pa = (t'aP *Wick <A/3« = id and 4'al34'f3-y4'ja = (t'aP *Wick </'/37 *Wick 4''ya = id, (50) 

where (pa/s denotes the classical transition matrices, which imply the statement using J5^, Lem. 9.3] . 

As an immediate consequence of these observations we have: 

Corollary 1 Let E be an anti-holomorphic vector bundle and let 'wick be a *wick right module 
multiplication on T°°(E)[[\]] that has the Wick type property, then •wick coincides with 'wick- 

In contrast the bimodule multiplication ''^^^^ drastically simplifies in case E is a holomorphic 
vector bundle, but even in this case it actually depends on the connection and hence is not 
canonical like 'wick- Nevertheless it is completely determined by the product ^^ick ^ '^^ state it in 
the following proposition. 
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Proposition 3 In case E is a holomorphic vector bundle and Ca is a holomorphic frame and e" 
is the dual frame of the vector bundle E* on IXq one has 

7rTr^ick(s)|u, = -^^^Wls ® e"'*)ea,i (51) 
for all s G T'^{E)[[X]]. Hence we have for all A G r°°(End(^))[[A]] 



^ 'wick sL = i:(A*wick {s ® e°''))e«,,. (52) 



1 

Moreover, "wick ^-^ globally well-defined by equation ^5^ ) and thus it is completely determined by 

'^Wick ■ 

Proof: An easy computation using that e" is a holomorphic frame of E* shows that the expression given 
in ( IsTI ) solves the equations (|4|). But then the local formula (52) follows immediately. In fact this could 
also be proved directly just using the Wick type property of and '(vi^k- To see this we observe that on 
XLa we have 

since Cq, is a holomorphic frame. But this implies that on Uq 

= ^(^*wick (s«)e"'*))e„,^. 

We now write Ca^i = (j^apie/sj and e"^* = 0"^^e'^''^ with 4>°''^r4'af3l = <5"- Using the Wick type property of 
and •^i^i, and that the transition matrices ipa/i, 4>"^ have holomorphic entries we moreover get 

- A {{{s ® e^-^) ((^"''I.id) {Kplep,)))) = {A {s ® e^^^))ep^, 
on Uq n 11/3 and hence •'^■^^^^ is globally well-defined by (p2|). □ 



Corollary 2 Zei E be a holomorphic vector bundle and let ''yf^^y. be a left module multiplication 
on T°°{E)[[X]] that has the Wick type property, then •^j^.j^ coincides with •^j^.j^. 

6 Deformed Hermitian Metrics 

In this section we consider a Hermitian fibre metric h for E which is assumed to be either a 
holomorphic or anti-holomorphic vector bundle. Moreover, let be the canonical connection for 
(E, h). As in the preceding sections we assume is of type (1, 1) and in addition we consider the 
case where il. is real i.e. Q = Q. Now h equips r°°(End(£')) with a natural *-involution defined 
by h{As,s') = h{s,A*s') for A G r°°(End(S)) and s,s' G r°°{E). We extend this involution, 
together with the complex conjugation, to a super-*-involution of W(g)A*(8>£n(i(£) and W^A*, 
respectively. It is well-known that the fibrewise Wick product o^-^y. is compatible with this *- 
involution, i.e. (ao^.^^^b)* = (-l)''''Saadeg^fe5*o^i^^a* for all a, 6 G W(g)A*(g>£n(i(£). From the unique 
characterizations of r'^.^^ and r^ick the following lemma is straightforward, see also Lem. 7]. 
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Lemma 4 Let Q = Q be real, then 

(^Wick) = ^Wick; '^Wick = ''^Wick, (^Wick) = ~'^Wick (^3) 



and hence (D'wick«)* = '^'wia.a* and Dwick& = fwick^ for a £ W(g)A'(g)£n(i(£) and b £ W(g)A*. 
Moreover we have {T^iA"^))* = "^wickl^*) "''^^ rwick(/) = r^ickif) and hence *^ick and ★wick are 
Hermitian deformations, i.e. 



{A -k'^,^^ B)* = B* -k'^,^^ A* and f *wick 9 = 9 *wick /• (54) 

In a next step we extend the fibre metric /i to a metric on W^A'^fi with values in WcgiA* by 
defining 

H{f s,g ® /3 ® s') :=J o^,^^^ g^aA (5h{s, s') (55) 

The following properties are immediate]^: 

Lemma 5 For a G W(g)A*(g)£n(i(£), ^f,^' G 'W(g)A*(g)£ and b £ W(g)A* we /laue 

H{a o^,,, VI/, Vl;') = (_l)deg,adeg,*^(^^ ^* ^^^^^ (5g) 

H{^, ^' o^,,, 6) = H{^, o^,,, 6, (57) 

Now a simple computation using the preceding two lemmas yields the following compatibility of 
Dwick with H 

Dwick(^(^, *')) = ^(^wick^, + i-lf'^^^Hi^, K^^,^')- (59) 
As a consequence we can define a deformed Hermitian metric h by 

/i(.,.'):=cT(i?(r^,.,(s),r^,,(.'))). (60) 



Proposition 4 T/ie map /i is (C[[X]] -linear in the second argument and satisfies 

h{s,s') = h{s',s) and h{s,s)>0 (61) 
Hs, s' -Wick /) = h{s, s') *wick / (62) 
h{A.'^,^,s,s') = his,A*.'^,^,s') (63) 

for all s,s' G r°°{E)[[X]], f G C'^{M)[[X]] and A G r°°(End(£;))[[A]]. 

Here the positivity of h is understood in the sense of Q. 

Prom the properties of o^;^^ it is obvious that h{s,s') = cr{H{TrzT^-^y.{s),TTzT^.^j^{s'))) and this 
implies the following lemma using the statements of Lemma |^. 

^In psl an obvious sign was missing. 
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Lemma 6 Let 11 ^ M he an open subset of M . In case s or s' are locally holomorphic sections on 
U we have 

h{s,s')\u = h{s,s')\u. (64) 

To conclude this section we now want to give an explicit local expression for h. 

Proposition 5 In case E is an anti-holomorphic vector bundle and Cq, is an anti-holomorphic 
frame on Uq, one has 

^(■S) S )\Ua ~ •^a *Wick h[ea,ii Sa,j) *wick s (65) 
where we have written s\ii^ = CajSa and s'lu^ = eajs'^^. 

Proof: The proof is straightforward using Proposition |4[ Lemma ^ and the Wick type property of •wick- 

□ 

Remark 4 In fact it is easy to see that the expression for h(s, s')\iia given in the preceding propo- 
sition globally defines the deformed metric h by similar arguments as in Section |^. 

Proposition 6 In case E is a holomorphic vector bundle and is a holomorphic frame on ILa 
and is the dual frame of the vector bundle E* on Uq, one has 

h{s, s')\u^ = ■^/i(e,,„ {{s e^'r ^ick (s' ^ e"'^'))e„,,). (66) 
Proof: Again the proof is easily done using Proposition ^, Lemma ^ and the Wick type property of •[^ 



Wick' 

□ 



Remark 5 Again the above expression globally defines the metric h and here h turns out to be 



canonical in the sense that given a deformation of the metric h that satisfies (64) and (6S) it 
coincides with h. 

7 Morita equivalence of Wick and anti Wick products 

In this section we fix a series of closed two- forms $7 of type (1, 1). Then consider the Wick and anti 
Wick star product constructed out of O as in Theorem |l[ Their characteristic classes satisfy 

C(*wick) - C(^) = -[i?^-] = 27riCi(Lean), (67) 

whence *wick and *wid^ are known to be Morita equivalent Thm. 3.1]. Moreover, as the difference 
of their characteristic classes is given by the Chern class of Lean a Morita equivalence bimodule 
is obtained by deforming r°°(Lcan) into a bimodule for *wick from the left and ^widT from the 
right. Finally, such a bimodule deformation necessarily exists. However, the concrete bimodule 
structure usually depends on non-canonical choices, even within its equivalence class of bimodule 
deformations, see e.g. the constructions in |8|,^ as well as the discussion in Thus one may ask 
the question whether in our particular situation there is a canonical construction, i.e. only using 
the Kahler geometry, of a Morita equivalence bimodule structure for Lean- As we shall show now 
this is indeed the case. 



13 



First we consider the space 'W(8)A*(8)iL where XL = r°°(Lcan)- We equip W(8)A* with the fibrewise 
products 0\yi^^ and o-^^^ as before. But for 'W(8)A*(g)£ we use different bimodule multiphcations, 
namely 

a Owick = S^^a o^^yi ^ and ^ b = o^^^i Sb, (68) 

for a,b € W^A* and ^ G WcgiA'^iL. Then we indeed obtain a bimodule as a simple computation 
shows: 

Lemma 7 Using o^ick a'^c^ OwidT space W^A'^XL becomes a bimodule for (W^A*, 0^;^,^) from 
the left and for (W(8)A*, o-^;^) from the right. 

Now let r^ick and r^^j^ be the curvature elements as in Theorem |l], where we assume to have 
the same Q. Moreover, as connection V^'^''" we use the canonical connection induced by the Kahler 
connection, see (|8^). Then we define : W^A'^L W(g)A'+^(g)£ explicitly by 



Since the lowest orders of rwick and r^^yj^ coincide the map is well-defined, i.e. it does not 
produce negative powers of A. 

Lemma 8 The map T)^ is a module derivation along Dwick O'^'d Dwia; respectively, i.e. 

D^{a Owick ^) = ©wickfl Owick ^ + {-if^'^-^'a Owick 25^^-, (70) 

Owi^b) = D^^- Owick h + {-if-^^^m ^wick ©wi^?). (71) 
Proof: This is a straightforward computation using the properties of 5, Z?^, and 5*. □ 

Lemma 9 For the symplectic curvature R of the Kdhler connection we have 

R oweyi * = -R Owick * + A^f^* and ^' oweyi -R = \E' OwidT -R - A^i^', (72) 



(1)^)2 = - (ii Ow,.k ^' - ^ i?) . (73) 



Proof: The equation ([72|) follows directly from the definitions and SR = R + Xg. Moreover, (|8^) together 
with Lemma |l| applied for E ~ Lean and (72) implies ([7^). □ 



Theorem 4 VFe have {T)^)^ = and 

a : ker©^ n W®A°®i: ^ r°^(Lcan)[[A]] (74) 
is a (D[[A]]-/mear bijection with inverse denoted by r^'^'"". Hence 

f fwick s = cT(rwick(/) ^wick T^^^" (s)) (75) 

s ♦wiar 9 = ^^(t^^^" (s) Twid7(5)) (76) 

defines a bimodule structure on r°°(Lcan)[[A]] for *wick /rom ^/le /e/i and ^widT /rom t/ie n^f/i^, 
deforming the classical bimodule structure of T°° {Lca,n) ■ 
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Proof: To compute (2)^)^ = one has to use Lemma ^ and the particular properties of r^ick and as 
in Theorem |l|. Taking into account that we have used the same V, for rwick and r-wiar it easily follows that 
(X)^)2 = 0. The fact that ( |7^ ) is a bijection is proved in the usual fashion by examining the fixed point 
equation 

T^{s) =s + 6-^ {d^t^{s) + ^rw.ck Owick T^{s) - ^T^(s) OwTsr'wiar) (77) 

for s e r°°(ican)[[A]] of the strictly contracting operator defined by the right hand side, analogously to 
Thm. 3]. Then and (|7^) obviously define a bimodule structure deforming the classical one. □ 



Corollary 3 The bimodule (r°^(Lcan)[[A]], ♦wick) ♦ wick ) ^ Morita equivalence bimodule for *wick 
and ^wick • 

Proof: This follows from the general argument in Prop. 1]. □ 



Remark 6 Clearly, the above construction is canonical in so far as it uses only the Kdhler ge- 
ometry. Hence there exists a distinguished bimodule structure on r°°(Lcan)[[A]] as desired. Note 
however, that ♦wick o-nd ♦^yj^ do not have any separation of variables properties. 



Remark 7 Surprisingly, the Weyl product for Q. is not Morita equivalent to *wick or ^widT ^'^ 
general as their relative class is given by c(*woyi) — c(*^vi^) = — = 7rici(Lcan)- Thus their 

relative class needs not to be liri integral in general. 



A Some Kahler geometry 

In this appendix we shall recall some basic structures on Kahler manifolds in order to set up our 



notation and specify our sign conventions, see e.g. |27,35] for details. 

Let {M, I, g, uj) be a Kahler manifold where / denotes the complex structure, g the Kahler met- 
ric, and UJ the symplectic Kahler form. Since / is integrable we have holomorphic local coordinates 
around any point. If z^,. . . , are such holomorphic local coordinates on U C M then we use 
the abbreviation = and Zi = Locally, the span the eigenbundle of / to eigenvalue 
+i while the Zi span the eigenbundle of I to eigenvalue — i. In such holomorphic coordinates the 
Kahler metric and the Kahler form are given by 
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\ gf^j dz'' V dz^ and = ^ g^r^ dz'' A (fz^. (78) 



By A^^'^^ T*M we denote the bundle oi p + q forms of type (p, q). In particular, 

ican := A^"'°^T*M (79) 

is the so-called canonical line bundle of 'holomorphic n-forms'. Locally, a section s G r°°(Lcan) 
can be written as s]^ = fdz^ A ■ ■ ■ A dz^ with / € C°°(U). The Kahler connection V extends to a 
connection y^'^^^ for Lean which locally is given by 

V;^-"s = {X{f) - dz^(X)Tij)dz^ A • • • A dz". (80) 
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Here = dz^iy z^Zj^) are the Christoffel symbols of the Kahler connection. As Lean is a line 
bundle the curvature of V^'^''" is just a two-form R^''^'^ G r°°(/\^^'^^ T*M) which is of type (1, 1). 
Locally one has 

^ican = - dz^ Adz^ = -R{,^ dz^ A dz\ (81) 

kj,l jki ^ ' 

where -R^^^ = dz^R{Zk, Z£)Zjn) are the components of the curvature tensor R of V. The Ricci 
form g is defined by 

Q = - i^^can = --Ri dz^ Adz\ (82) 

whence we obtain the following relations for the (first) Chern class ci(Lcan) of the canonical line 
bundle 

Cl(Lea„) = = \[q]^ H^^Rham(M, Z). (83) 

Note that \q \s integral but does not need to be integral. 

The symplectic curvature tensor R G r°^(V^^'^^ T*M ® /\^^'^^ T*M) is defined as usual by 

R{X, y, Z, W) = Lo{X, R{Z, W)Y) (84) 

for X, Y,Z,W e r°°(rM) and locally one has 

R= 7: 9kmRT- dz^ y dz^ ® dz^ A dz^ . (85) 

The fact that the Kahler connection is metric implies gkruRJ^^ = —djnlR'^^j whence one easily 
obtains 



Afibi? = g. (86) 

We note that R = R and g = g are real tensor fields while i?^can = _^ican jg imaginary. 

Now let ii^ M be a holomorphic vector bundle of fibre dimension k with Hcrmitian fibre 
metric h. By e = (ei, . . . ,6^) we denote a local holomorphic frame of E, i.e. Cj G T°°{E\y) are 
holomorphic local base sections of E. Any local section s G r'^(i?j^) can be written as s = e^s* 
with unique local smooth functions G C'^Cli). Then s is holomorphic if and only if the are 
holomorphic. Different local holomorphic frames and on Uq, and U^, respectively, give rise 
to holomorphic transition matrices (pa/s = <Ppa ^ ^k{C°°{'U-a H '^J^/j)) by = ea^ap- As usual they 
satisfy the co-cycle identity 

<l>al3(l>Pj<l>'ya = id (87) 

on triple overlaps fl fl IX-y. The coefficients of a section s transform according to Sa = ^ap^p- 
A connection for E gives rise to a matrix A of local connection one-forms A G Mjt(r°°(r*'U)) 
with respect to a local holomorphic frame e by 

Vfe = -ie^(X) for X eV°°{TM). (88) 

Then is called compatible with the holomorphic structure if V^s = for all locally holomorphic 
sections s and all vector fields X of type (0,1). Equivalently, the connection one- forms A with 
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respect to any holomorphic frame are of type (1,0). The connection is called compatible with the 
Hermitian fibre metric if 

X{h{s, s')) = h{V^s, s') + h{s, Vf s') (89) 

for all X e T°°{TM) and s,s' G T°°{E). This gives the local condition dH = i{A*H - HA), 
where H € Mfc(C°°('U)) is the local Hermitian matrix Hij = h{ei,ej) defined by the frame e. It 
is well-known that there exists a unique connection which is compatible with both structures, 
the holomorphic structure and the Hermitian fibre metric, see e.g. ||38| , Chap. HI, Sec. 2]. We shall 
refer to this connection as the canonical connection of {E,h). Locally in a holomorphic frame one 
has 

A = \H-^dH. (90) 

Moreover, the curvature tensor € T^{/\^ T* M Er\d{E)) is of type (1,1). Finally, analogous 
statements hold for anti-holomorphic vector bundles as well. 
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